Abstract. We prove that any contact metric (κ, µ)-space (M, ξ, ϕ, η, g) admits a canonical paracontact metric structure which is compatible with the contact form η. We study such canonical paracontact structure, proving that it verifies a nullity condition and induces on the underlying contact manifold (M, η) a sequence of compatible contact and paracontact metric structures verifying nullity conditions. The behavior of that sequence, related to the Boeckx invariant I M and to the bi-Legendrian structure of (M, ξ, ϕ, η, g), is then studied. Finally we are able to define a canonical Sasakian structure on any contact metric (κ, µ)-space whose Boexkx invariant satisfies |I M | > 1.
Introduction
A contact metric (κ, µ)-space is a contact metric manifold (M, ϕ, ξ, η, g) such that the Reeb vector field belongs to the so-called "(κ, µ)-nullity distribution", i.e. satisfies the following condition (1.1)
for some real numbers κ, µ and for any X, Y ∈ Γ(T M ); here R denotes the curvature tensor field of the Levi Civita connection and 2h the Lie derivative of the structure tensor ϕ in the direction of the Reeb vector field ξ. This definition was introduced by Blair, Kouforgiorgos and Papantoniou in [4] , as a generalization both of the Sasakian condition R XY ξ = η (Y ) X−η (X) Y and of those contact metric manifolds verifying R XY ξ = 0 which were studied by Blair in [2] . Recently contact metric (κ, µ)-spaces have attracted the attention of many authors and various papers have appeared on this topic (e.g. [7] , [12] , [16] ). In fact there are many motivations for studying (κ, µ)-manifolds: the first is that, in the non-Sasakian case (that is for κ = 1), the condition (1.1) determines the curvature completely; moreover, while the values of κ and µ may change, the form of (1.1) is invariant under D-homothetic deformations; finally, there are non-trivial examples of such manifolds, the most important being the unit tangent bundle of a Riemannian manifold of constant sectional curvature endowed with its standard contact metric structure.
In ( [5] ) Boeckx provided a complete (local) classification of non-Sasakian contact metric (κ, µ)-spaces based on the invariant In this paper we study mainly those (non-Sasakian) contact metric (κ, µ)-spaces such that I M = ±1, showing how rich the geometry of this wide class of contact metric (κ, µ)-spaces is. In fact we prove that any such contact metric (κ, µ)-manifold is endowed with a non-flat pair of bi-Legendrian structures, a 3-web structure and a canonical family of contact and paracontact metric structures satisfying nullity conditions. Such geometric structures are related to each other and depend on the sign of the Boeckx invariant I M .
The main part of the article is devoted to the study of the interplays between the theory of contact metric (κ, µ)-spaces and paracontact geometry. The link is just given by the theory of bi-Legendrian structures. Indeed, as it is proven in the recent article [13] , there is a biunivocal correspondence between the set of (almost) bi-Legendrian structures and the set of paracontact metric structures on the same contact manifold (M, η). Such bijection maps bi-Legendrian structures onto integrable paracontact metric structures and flat bi-Legendrian structures onto para-Sasakian structures. Thus, since any contact metric (κ, µ)-manifold (M, ϕ, ξ, η, g) is canonically endowed with the bi-Legendrian structure given by the eigendistributions corresponding to the non-zero eigenvalues of the operator h, one can associate to (M, ϕ, ξ, η, g) a paracontact metric structure (φ, ξ, η,g), which we prove to be given by (1.2)φ :
and which we call the canonical paracontact metric structure of the contact metric (κ, µ)-space (M, ϕ, ξ, η, g). We study this paracontact structure and we prove that its curvature tensor field satisfies the relationR L ξφ . The next step is the study of the structure defined by the Lie derivative ofφ in the direction of the Reeb vector field. In fact we prove that, if |I M | < 1 the structure (ϕ 1 , ξ, η, g 1 ), given by
is a contact metric (κ 1 , µ 1 )-structure on (M, η), where κ 1 = κ + 1 − µ 2 2 and µ 1 = 2. Whereas, in the case |I M | > 1, the structure (φ 1 , ξ, η,g 1 ), defined bỹ
is a paracontact metric (κ 1 ,μ 1 )-structures, withκ 1 = 1 − µ 2 2 +κ−2 andμ 1 = 2. Furthermore, we prove that it is just the canonical paracontact structure induced by a suitable contact metric (κ ′ , µ ′ )-structure on M . Then we show that this procedure can be iterated and gives rise to a sequence of contact and paracontact structures associated with the initial contact metric (κ, µ)-structure (ϕ, ξ, η, g). The behavior of such canonical sequence essentially depends on the Boeckx invariant I M of the contact metric (κ, µ)-manifold (M, ϕ, ξ, η, g). If |I M | > 1, the sequence consists only of paracontact structures, whereas in the case |I M | < 1 we have an alternation of contact and paracontact structures (see Theorem 5.6 for all details). Moreover, all the new contact metric structures on M obtained in this way are in fact Tanaka-Webster parallel structures ( [7] ), i.e. the Tanaka-Webster connection parallelizes both the TanakaWebster torsion and the Tanaka-Webster curvature.
Thus we have that in a contact metric (κ, µ)-space (M, ϕ, ξ, η, g), the k-th Lie derivative L ξ · · · L ξ ϕ of the structure tensor ϕ in the direction ξ, once suitably normalized, defines a new contact or paracontact structure, depending on the value of I M . This last properties shows another surprising geometric feature of the invariant I M , linked to the paracontact geometry of the contact metric (κ, µ)-manifold M .
Finally we prove that every contact metric (κ, µ)-space such that |I M | > 1 admits a canonical compatible Sasakian structure, explicitly given bȳ 
respectively, induce an almost anti-hypercomplex structure, and hence a 3-web, on the contact distribution of (M, η).
Therefore it appears that a further geometrical interpretation of the Boeckx invariant is the fact that any contact metric (κ, µ)-space such that |I M | < 1 can admit compatible TanakaWebster parallel structures, whereas any contact metric (κ, µ)-space such that |I M | > 1 can admit compatible Sasakian structures.
All manifolds considered here are assumed to be smooth i.e. of the class C ∞ , and connected; we denote by Γ( · ) the set of all sections of a corresponding bundle. We use the convention that 2u
Preliminaries

Contact and paracontact structures.
A contact manifold is a (2n + 1)-dimensional smooth manifold M which carries a 1-form η, called contact form, satisfying η ∧ (dη) n = 0 everywhere on M . It is well known that given η there exists a unique vector field ξ, called Reeb vector field, such that i ξ η = 1 and i ξ dη = 0. In the sequel we will denote by D the 2n-dimensional distribution defined by ker (η), called the contact distribution. It is easy to see that the Reeb vector field is an infinitesimal automorphism with respect to the contact distribution and the tangent bundle of M splits as the direct sum T M = D ⊕ Rξ.
Given a contact manifold (M, η) one can consider two different geometric structures associated with the contact form η, namely a contact metric structure and a paracontact metric structure.
In fact it is well known that (M, η) admits a Riemannian metric g and a (1, 1)-tensor field ϕ such that (2.1)
for all X, Y ∈ Γ (T M ), from which it follows that ϕξ = 0, η • ϕ = 0 and η = g(·, ξ). The structure (ϕ, ξ, η, g) is called a contact metric structure and the manifold M endowed with such a structure is said to be a contact metric manifold. In a contact metric manifold M , the (1, 1)-tensor field h := 1 2 L ξ ϕ is symmetric and satisfies (2.2)
where ∇ is the Levi Civita connection of (M, g). The tensor field h vanishes identically if and only if the Reeb vector field is Killing, and in this case the contact metric manifold is said to be K-contact.
In any (almost) contact (metric) manifold one can consider the tensor field N ϕ defined by
The tensor field N ϕ satisfies the following formula, which will turn out very useful in the sequel,
for all X, Y ∈ Γ(T M ), from which, in particular, it follows that
Any contact metric manifold such that N ϕ vanishes identically is said to be Sasakian. In terms of the curvature tensor field, the Sasakian condition is expressed by the following relation
Any Sasakian manifold is K -contact and in dimension 3 the converse also holds (see [3] for more details). A natural generalization of the Sasakian condition (2.6) leads to the notion of "contact metric (κ, µ)-manifold" ( [4] ). Let (M, ϕ, ξ, η, g) be a contact metric manifold. If the curvature tensor field of the Levi Civita connection satisfies
for some κ, µ ∈ R, we say that (M, ϕ, ξ, η, g) is a contact metric (κ, µ)-manifold (or that ξ belongs to the (κ, µ)-nullity distribution). This definition was introduced and deeply studied by Blair, Koufogiorgos and Papantoniou in [4] . Among other things, the authors proved the following results. 
Given a non-Sasakian contact metric (κ, µ)-manifold M , Boeckx [5] proved that the number
, is an invariant of the contact metric (κ, µ)-structure, and he proved that two nonSasakian contact metric (κ, µ)-manifolds (M 1 , ϕ 1 , ξ 1 , η 1 , g 1 ) and (M 2 , ϕ 2 , ξ 2 , η 2 , g 2 ) are locally isometric as contact metric manifolds if and only if I M1 = I M2 . Then the invariant I M has been used by Boeckx for providing a full classification of contact metric (κ, µ)-spaces. The standard example of contact metric (κ, µ)-manifold is given by the tangent sphere bundle T 1 N of a Riemannian manifold of constant curvature c endowed with its standard contact metric structure. In this case κ = c(2 − c), µ = −2c and I T1N = 1+c |1−c| . Therefore as c varies over the reals, I T1N takes on every value strictly greater than −1. Moreover one can easily find that I T1N < 1 if and only if c < 0.
On the other hand on a contact manifold (M, η) one can consider also compatible paracontact metric structures. We recall (cf. [14] ) that an almost paracontact structure on a (2n + 1)-dimensional smooth manifold M is given by a (1, 1)-tensor fieldφ, a vector field ξ and a 1-form η satisfying the following conditions (i) η(ξ) = 1,φ 2 = I − η ⊗ ξ, (ii) denoted by D the 2n-dimensional distribution generated by η, the tensor fieldφ induces an almost paracomplex structure on each fibre on D. Recall that an almost paracomplex structure on a 2n-dimensional smooth manifold is a tensor field J of type (1, 1) such that J = I, J 2 = I and the eigendistributions T + , T − corresponding to the eigenvalues 1, −1 of J, respectively, have dimension n.
As an immediate consequence of the definition one has thatφξ = 0, η •φ = 0 and the field of endomorphismsφ has constant rank 2n. Any almost paracontact manifold admits a semi-Riemannian metricg such that
Notice that any such semi-Riemannian metric is necessarily of signature (n+1, n). If in addition dη(X, Y ) =g(X,φY ) for all X, Y ∈ Γ(T M ), (M,φ, ξ, η,g) is said to be a paracontact metric manifold. On an almost paracontact manifold one defines the tensor field
If Nφ vanishes identically the almost paracontact manifold in question is said to be normal. Moreover, in a paracontact metric manifold one defines a symmetric, trace-free operatorh by settingh = 1 2 L ξφ . One can prove (see [22] ) thath is a symmetric operator which anti-commutes withφ and satisfieshξ = 0, η •h = 0 and∇ξ = −φ +φh, where∇ denotes the Levi Civita connection of (M,g). Furthermoreh vanishes identically if and only if ξ is a Killing vector field and in this case (M,φ, ξ, η,g) is called a K-paracontact manifold. A normal paracontact metric manifold is said to be a para-Sasakian manifold. Also in this context the para-Sasakian condition implies the K -paracontact condition and the converse holds in dimension 3. In terms of the covariant derivative ofφ the para-Sasakian condition may be expressed by
On the other hand one can prove ( [22] ) that in any para-Sasakian manifold
but, unlike contact metric structures, the condition (2.13) not necessarily implies that the manifold is para-Sasakian. In any paracontact metric manifold Zamkovoy introduced a canonical connection which plays the same role in paracontact geometry of the generalized Tanaka-Webster connection ( [21] ) in a contact metric manifold. In fact the following result holds.
Theorem 2.3 ([22]). On a paracontact metric manifold there exists a unique connection∇
pc , called the canonical paracontact connection, satisfying the following properties:
The explicit expression of this connection is the following
Moreover, the torsion tensor field is given by
An almost paracontact structure (φ, ξ, η) is said to be integrable ( [22] ) if the almost paracomplex structureφ| D satisfies the condition Nφ(X, Y ) ∈ Γ(Rξ) for all X, Y ∈ Γ(D). This is equivalent to require that the eigendistributions
For an integrable paracontact metric manifold, the canonical paracontact connection shares many of the properties of the Tanaka-Webster connection on CR-manifolds. For instance we have the following result. In particular, by Theorem 2.4 and (2.12) it follows that any para-Sasakian manifold is integrable.
2.2. Bi-Legendrian manifolds. Let (M, η) be a (2n + 1)-dimensional contact manifold. It is well-known that the contact condition η ∧ (dη) n = 0 geometrically means that the contact distribution D is as far as possible from being integrable integrable. In fact one can prove that the maximal dimension of an involutive subbundle of D is n. Such n-dimensional integrable distributions are called Legendre foliations of (M, η). More generally a Legendre distribution on a contact manifold (M, η) is an n-dimensional subbundle L of the contact distribution not necessarily integrable but verifying the weaker condition that dη (X,
The theory of Legendre foliations has been extensively investigated in recent years from various points of views. In particular Pang ([20] ) provided a classification of Legendre foliations using a bilinear symmetric form Π F on the tangent bundle of the foliation F , defined by 
Then one can extend Π F to a symmetric bilinear form on T M by putting
is an almost bi-Legendrian manifold. Thus, in particular, the tangent bundle of M splits up as the direct sum T M = L 1 ⊕L 2 ⊕Rξ. When both L 1 and L 2 are integrable we refer to a bi-Legendrian manifold. An (almost) bi-Legendrian manifold is said to be flat, degenerate or non-degenerate if and only if both the Legendre distributions are flat, degenerate or nondegenerate, respectively. Any contact manifold (M, η) endowed with a Legendre distribution L admits a canonical almost bi-Legendrian structure. Indeed let (ϕ, ξ, η, g) be a compatible contact metric structure. Then the relation dη(φX, φY ) = dη(X, Y ) easily implies that Q := φL is a Legendre distribution on M which is g-orthogonal to L. Q is usually referred as the conjugate Legendre distribution of L and in general is not involutive, even if L is.
In [8] the existence of a canonical connection on an almost bi-Legendrian manifold has been proven: 
where T bl denotes the torsion tensor field of ∇ bl and X L1 and X L2 the projections of X onto the subbundles L 1 and L 2 of T M , respectively.
The behavior of the bi-Legendrian connection in the case of conjugate Legendre distributions was considered in [9] , where the following theorem was proven. 
(Q) and the tensor field h maps the subbundle L onto L and the subbundle Q onto Q. (iv) g is a bundle-like metric with respect both to the distribution L ⊕ Rξ and to the
distri- bution Q ⊕ Rξ.
Furthermore, assuming L and Q integrable, (i)-(iv) are equivalent to the total geodesicity (with respect to the Levi Civita connection of g) of the Legendre foliations defined by L and Q.
3. The foliated structure of a contact metric (κ, µ)-space Theorem 2.1 implies that any non-Sasakian contact metric (κ, µ)-manifold is endowed with three mutually orthogonal involutive distributions D(λ), D(−λ) and D(0) = Rξ, corresponding to the eigenspaces λ, −λ and 0 of the operator h, where λ = √ 1 − κ. In particular, as pointed out in [11] , (D(λ), D(−λ)) defines a bi-Legendrian structure on (M, η). We started the study of the bi-Legendrian structure of a contact metric (κ, µ)-manifold in [11] , where the explicit expression of the Pang invariant of each Legendre foliation D(λ) and D(−λ)
was found (see also [10] ). It follows that only one among the following 5 cases may occur: 
Furthermore, the following characterization of contact metric (κ, µ)-manifolds in terms of Legendre foliations holds. In particular, from (3.
Conversely one has the following theorem. 
Theorem 3.2 ([10]). Let (M, η) be a contact manifold endowed with a bi-Legendrian structure
, where
4. The canonical paracontact structure of a contact metric (κ, µ)-space
In [13] the interplays between paracontact geometry and the theory of bi-Legendrian structures have been studied. More precisely it has been proven the existence of a biunivocal correspondence Ψ : AB −→ PM between the set AB of almost bi-Legendrian structures and the set of paracontact metric structures PM on the same contact manifold (M, η). This bijection maps bi-Legendrian structures onto integrable paracontact structures, flat almost bi-Legendrian structures onto K -paracontact structures and flat bi-Legendrian structures onto para-Sasakian structures. For the convenience of the reader we recall more explicitly how the above biunivocal correspondence is defined. If (L 1 , L 2 ) is an almost bi-Legendrian structure on (M, η), the corresponding paracontact metric structure (φ, ξ, η,g) = Ψ(L 1 , L 2 ) is given by (4.1)φ| L1 = I,φ| L2 = −I,φξ = 0,g := dη(·,φ·) + η ⊗ η.
Moreover, the relationship between the bi-Legendrian and the canonical paracontact connections has been investigated, proving that in the integrable case they in fact coincide: As we have stressed in § 3, any (non-Sasakian) contact metric (κ, µ)-manifold (M, ϕ, ξ, η, g) carries a canonical bi-Legendrian structure (D(λ), D(−λ)) which, in some sense, completely characterizes the contact metric (κ, µ)-structure itself. Then we present the following definition. In this section we deal with the study of the canonical paracontact metric structure of a contact metric (κ, µ)-space. The first remark is that, since D(λ) and D(−λ) are involutive, (φ, ξ, η,g) is integrable so that, by Theorem 4.1, the connection stated in Theorem 3.1 and the canonical paracontact connection of (φ, ξ, η,g) coincide.
Now we show a more explicit expression for the canonical paracontact metric structure which will turn useful in the sequel.
Proof. It is well known that in any contact metric (κ, µ)-manifold one has
). From this relation it follows that the tensor fieldφ :=
Moreover,φ induces an almost paracomplex structure on the subbundle D, given by the n-dimensional distributions D(λ) and D(−λ). Thusφ defines an almost paracontact structure on M . Next, we define a compatible metricg by setting
) is a paracontact metric structure. Finally, the paracontact metric structure defined by (4.2) coincides with the canonical paracontact metric structure of the contact metric (κ, µ)-space (M, ϕ, ξ, η, g) as (4.1) shows.
The relationship between the Levi Civita connections of (M, g) and (M,g) is given in the following proposition. 
Proof. By using Theorem 3.4 we get for each
Hence if we apply the symmetry of ϕ • h and the parallelism of g with respect to ∇, we obtain
so that by using (2.10), after a long but straightforward calculation
It is easy to see thatg(∇ X Y, ξ) = η(∇ X Y ) and then by the previous identity and Theorem 3.4 we get
We finally apply ϕh to both the sides of (4.4), use hϕ = −ϕh, h 2 = (κ − 1)ϕ 2 and straightforwardly get the claimed relation.
We now prove that the canonical paracontact metric structure (φ, ξ, η,g) satisfies a suitable nullity condition. To this end we need to prove the following fundamental lemmas. 
Proof. Using the identities ∇ξ = −ϕ − ϕh, ∇ ξ ϕ = 0 and
, we obtain the first identity in (4.5), while the second is a straightforward consequence. 
for all X, Y ∈ Γ(T M ).
Proof. (4.6) easily follows from the integrability of (φ, ξ, η,g), taking Theorem 2.4 into account. In order to prove (4.7), let ∇ bl be the bi-Legendrian connection associated to the bi-Legendrian structure (D(λ), D(−λ)). Notice that ∇ bl coincides with the canonical paracontact connectioñ ∇ pc , so that, by using the first formula in (4.5) and since, by Theorem 3.1,
Now, by (2.14), (4.8) and the properties of the operatorh,
as claimed.
We now are able to prove the following result.
Theorem 4.7. Let (M, ϕ, ξ, η, g) be a contact metric (κ, µ)-manifold and let (φ, ξ, η,g) be the canonical paracontact metric structure induced on M . Then the curvature tensor field of the Levi Civita connection of (M,g) verifies the following relatioñ
for all X, Y ∈ Γ(T M ), where
Proof. First we prove the preliminary formula
Indeed for all X, Y ∈ Γ(T M ), using the identity∇ξ = −φ +φh, we get
Therefore, replacing (4.6) and (4.7) in (4.10) and using the second formula in (4.5), we obtaiñ In particular forκ = −1 we geth 2 = 0 and now the analogy with contact metric (κ, µ)-manifolds breaks down because, since the metricg is not positive definite, we can not conclude thath = 0 and the manifold is para-Sasakian. Natural questions may be whether there exist explicit examples of paracontact metric manifolds such thath 2 = 0 buth = 0 and whether the (κ,μ)-nullity condition (4.11) could force the operatorh to vanish identically even if the metric g is not positive definite. It should be also remarked that though paracontact metric manifolds withh 2 = 0 have made their appearance in several contexts (see for instance Theorem 3.12 of [22] ), at the knowledge of the authors not even one explicit example of them has been given. Now we provide an example which solves the questions stated before. 
Let G be a Lie group whose Lie algebra is g. On G we define a left-invariant paracontact metric structure (φ, ξ, η,g) by settingφξ = 0 andφX i = X i ,
. Then a direct computation shows thath 2 vanishes identically, buth = 0 since, for example,hX 1 = −Y 1 . Moreover, one can verify that (G,φ, ξ, η,g) is a paracontact metric (κ,μ)-manifold, withκ = −1 andμ = 2.
The canonical sequence of contact and paracontact metric structures associated with a contact metric (κ, µ)-space
In this section we will show that in fact the procedure of Theorem 4.3, used for defining the canonical paracontact metric structure (φ, ξ, η,g) via the Lie derivative of ϕ, can be iterated. Indeed, Lemma 4.5 suggests that the Lie derivative ofφ in the direction ξ could define a compatible almost contact or paracontact structure on (M, η) provided that the coefficient
2 , which directly brings up the invariant I M , is positive or negative, respectively. Furthermore, we show that this algorithm can be applied also to the new contact and paracontact structures, so that one can attach to M a canonical sequence of contact and paracontact metric structures, which strictly depends on the invariant I M and hence on the class of M according to the classification recalled in § 3. We start by proving the following fundamental result.
Theorem 5.1. Let (M, ϕ, ξ, η, g) be a contact metric (κ, µ)-manifold and let (φ, ξ, η,g) be the canonical paracontact metric structure of M . Then (i) if |I M | < 1, the paracontact metric structure (φ, ξ, η,g) induces on (M, η) a canonical compatible contact metric (κ 1 , µ 1 )-structure (ϕ 1 , ξ, η, g 1 ), where
(ii) if |I M | > 1, the paracontact metric structure (φ, ξ, η,g) induces on (M, η) a canonical compatible paracontact metric (κ 1 ,μ 1 )-structure (φ 1 , ξ, η,g 1 ), where
Proof. (i) Let us assume that |I M | < 1. Notice that by Lemma 4.5h 2 is proportional to ϕ 2 and the constant of proportionality − (2 − µ) 2 + 4 (1 − κ) is positive since we are assuming that |I M | < 1. Then we set
Due to (4.5) we have that ϕ
is an almost contact structure on M . We look forward a compatible Riemannian metric g 1 such that dη = g 1 (·, ϕ 1 ·). Thus we set
We first need to prove that g 1 is a Riemannian metric. For any X, Y ∈ Γ(T M ), using the symmetry of the operatorh with respect tog, we have
so that g 1 is a symmetric tensor. Moreover, directly by (5.4), dη(X, Y ) = g 1 (X, ϕ 1 Y ) and
. Now we look forward conditions ensuring the positive definiteness of g 1 . Let X be a non-zero vector field on M and put
Then by (5.3) and (5.4)
where we have decomposed the vector field X ∈ Γ(D) into its components along D(λ) and D(−λ), λ = √ 1 − κ. Thus g 1 is a Riemannian metric provided that 2λ − µ + 2 > 0 and 2λ + µ − 2 > 0. In view of (3.1)-(3.2), the above conditions are just equivalent to the positive definiteness of the Legendre foliation D(λ) and to the negative definiteness of D(−λ), and hence to the requirement that |I M | < 1. Thus, as we are assuming that |I M | < 1, we conclude that g 1 is a Riemannian metric. We now prove that (ϕ 1 , ξ, η, g 1 ) is a contact metric (κ 1 , µ 1 )-structure, for some constants κ 1 and µ 1 to be found. For this purpose we firstly find a more explicit expression of the tensor field h 1 := 1 2 L ξ ϕ 1 . As before, set α := 
Thus h 1 is proportional to h and hence it admits the eigenvalues λ 1 and −λ 1 , where
, and the corresponding eigendistributions coincide with the eigendistributions of the operator h. Then the bi-Legendrian connection associated with (D(−λ 1 ), D(λ 1 )) coincides with the bi-Legendrian connection ∇ bl associated with the biLegendrian structure (D(−λ), D(λ)) induced by h. We prove that ∇ bl preserves the tensor fields
since ∇ bl ϕ = 0 and ∇ bl h = 0. Moreover, as ∇ bl ϕ 1 = 0 and ∇ bl dη = 0, also ∇ bl g 1 = 0. Therefore, since obviously also ∇ bl h 1 = 0, ∇ bl satisfies all the conditions of Theorem 3.1 and we can conclude that (ϕ 1 , ξ, η, g 1 ) is a contact metric (κ 1 , µ 1 )-structure. In order to find the expression of κ 1 and µ 1 , we observe that, immediately,
2 . Then applying (3.1) and Π D(λ) = Π D(λ1) , we have, for any non zero X ∈ Γ(D(λ)),
(ii) Now let us assume that |I M | > 1. Then we definẽ
Using (4.5) and the assumption |I M | > 1, one easily proves thatφ 2 1 = I − η ⊗ ξ, so that in order to conclude that (φ 1 , ξ, η) defines an almost paracontact structure we need only to prove that the eigendistributions corresponding to the eigenvalues 1 and −1 ofφ 1 | D have equal dimension n. Notice that thoughth is a symmetric operator (with respect tog) it could be not necessarily diagonalizable, sinceg is not positive definite. Nevertheless we now show that this is the case. Let {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ} be a local orthonormal ϕ-basis of eigenvectors of h,
. . , n}. Then, by (4.5), for each i ∈ {1, . . . , n},h
and, analogously, one
Henceh is represented, with respect to the basis {X 1 , . . . , X n , Y 1 , . . . , Y n , ξ}, by the matrix
where 0 n , 0 n1 , 0 1n denote, respectively, the n × n, n × 1 and 1 × n matrices whose entries are all 0, and I n the identity matrix of order n. Therefore the characteristic polynomial is given by
Because of the assumption |I M | > 1, the number 1 − 
Therefore each eigendistribution D(λ) and D(−λ) has dimension n and finally this implies in turn that the eigendistributions of the operatorφ 1 restricted to D are n-dimensional. Thus (φ 1 , ξ, η) is an almost paracontact structure. Next we define a compatible semi-Riemannian metric by putting, for any X, Y ∈ Γ(T M ),
Thatg 1 is symmetric can be easily proved. Moreover, directly from (5.9) one can show that,
Therefore (φ 1 , ξ, η,g 1 ) is a paracontact metric structure on M . We notice also that, arguing as in the previous case, one can find that
It remains to show that (M,φ 1 , ξ, η,g 1 ) verifies a (κ 1 ,μ 1 )-nullity condition, for some constants κ 1 andμ 1 . For this purpose we find the relationship between the Levi Civita connections∇ and∇ 1 ofg andg 1 , respectively. Notice that, by (5.9),
where we have put β :=
. Then, arguing as in Proposition 4.4, we have, for all
Using (4.6), (4.7) and the identity (∇ Xφh )Y = (∇ Xφ )hY +φ((∇ Xh )Y ), the previous relation becomes
Notice that, by (4.9) and (4.13),h 2 = (1 +κ)φ
2 . Substituting this relation in (5.11) and taking the symmetry of the operatorh with respect to the semiRiemannian metricg into account, we get
Therefore, since Z was chosen arbitrarily, we get
Consequently, (5.13) becomes
Applyingh we obtain
Now, a straightforward computation as in (5.14) shows that
Therefore, by replacing (5.14) and (5.16) in (5.15) and recalling that β =
, we finally find
The explicit expression (5.17) of the Levi Civita connection ofg 1 in terms of the Levi Civita connection ofg allows us to prove that (M,φ 1 , ξ, η,g 1 ) is a paracontact metric (κ 1 ,μ 1 )-manifold, for someκ 1 ,μ 1 ∈ R. Indeed, from (5.17), after some long but straightforward computations, we obtain
Then by (4.10), (5.18) and (5.19), and sinceh
We recall the definition of Tanaka-Webster parallel space, recently introduced by Boeckx and Cho ( [7] ). A contact metric manifold is a Tanaka-Webster parallel space if its generalized Tanaka-Webster torsionT and curvatureR satisfy∇T = 0 and∇R = 0, that is the TanakaWebster connection∇ is invariant by parallelism (in the sense of [15] ). Boeckx and Cho have proven that a contact metric manifold M is a Tanaka-Webster parallel space if and only if M is a Sasakian locally ϕ-symmetric space or a non-Sasakian (κ, 2)-space ( [7, Theorem 12] ). Thus, in particular, we deduce that the contact metric (κ 1 , µ 1 )-structure (ϕ 1 , ξ, η, g 1 ) in (i) of Theorem 5.1 is in fact a Tanaka-Webster parallel structure. Therefore we have proven the following corollary. 
so thatg(X,φX ′ ) = 0 and, consequently, dη(X, X ′ ) = 0. Analogously, for any Y,
This proves that D(λ) and D(−λ) are Legendre distributions. Now, observe that the almost bi-Legendrian structure given by D(λ) and D(−λ), by definition ofφ 1 , coincides with the almost bi-Legendrian structure induced by the paracontact metric structure (φ 1 , ξ, η,g 1 ) in Theorem 5.1, which is integrable because of (5.18) and Theorem 2.4.
On the other hand, since D(λ) and D(−λ) are Legendre distributions, we have that η([X,
Hence we conclude that D(λ) and D(−λ) are involutive.
Therefore, any contact metric (κ, µ)-manifold (M, ϕ, ξ, η, g) with |I M | > 1 admits a supplementary bi-Legendrian structure, given by the eigendistributions of the operatorh of the canonical paracontact metric structure (φ, ξ, η,g) induced by (ϕ, ξ, η, g ). But the surprising fact is that such bi-Legendrian structure (D(λ), D(−λ)) comes from a (new) contact metric (κ ′ , µ ′ )-structure, as we now prove. 
a and b being any two positive real numbers such that
Furthermore, the Boeckx invariant of (M, ϕ 
and, analogously, for any Y, Y ′ ∈ Γ(D(−λ)),
where we used the easy
the bi-Legendrian connection associated to the bi-Legendrian structure (D(−λ), D(λ)). Indeed, notice that, by Theorem 4.1 and the integrability of (φ 1 , ξ, η,g 1 ), ∇ ′bl coincides with the canonical paracontact connection∇ 1pc of (M,φ 1 , ξ, η,g 1 ). In particular, by (2.14) and (5.19), we
1 denotes the Levi Civita connection of (M,g 1 ). Consequently, for any X, X ′ ∈ Γ(D(λ)) and
In a similar way one can prove that 
In the same way one can prove that
and for any X,
On the other hand, 
such that, for each n ∈ N, (φ 2n , ξ, η, G 2n ) is a contact metric (κ 2n , µ 2n )-structure and (φ 2n+1 , ξ, η, G 2n+1 ) is a paracontact metric (κ 2n+1 , µ 2n+1 )-structure, where
Moreover, for each n ∈ N, (φ 2n , ξ, η, G 2n ) is a Tanaka-Webster parallel structure on M , and (φ 2n+1 , ξ, η, G 2n+1 ) is the canonical paracontact metric structure induced by (φ 2n , ξ, η, G 2n ) according to Theorem 4.3 .
defined by
such that, for each n ≥ 1, (φ n , ξ, η, G n ) is a paracontact metric (κ n , µ n )-structure with
Moreover, (φ 1 , ξ, η, G 1 ) is the canonical paracontact structure induced by (ϕ, ξ, η, g) and, for each n ≥ 2, (φ n , ξ, η, G n ) is the canonical paracontact structure induced by a contact metric (κ
a n and b n being two constants such that
Proof. We prove the theorem arguing by induction on n.
(i) We distinguish the even and the odd case. The result is trivially true for n = 0 since (M, ϕ, ξ, η, g) is supposed to be a contact metric (κ, µ)-manifold and for n = 1 because of Theorem 4.7. Now suppose that the assertion holds for (φ 2n , ξ, η, G 2n ), n ≥ 2. We have to prove that the structure (φ 2n+1 , ξ, η, G 2n+1 ), defined by (5.25), is a paracontact metric (κ 2n+1 , µ 2n+1 )-structure, where κ 2n+1 and µ 2n+1 are given by (5.28). Notice that
so that (φ 2n+1 , ξ, η, G 2n+1 ) coincides with the canonical paracontact metric structure induced on M by the contact metric (κ 2n , µ 2n )-structure (φ 2n , ξ, η, G 2n ), according to Theorem 4.3.
Then, by the Theorem 4.7, (φ 2n+1 , ξ, η, G 2n+1 ) is a paracontact metric (κ,μ)-structure, wherẽ
andμ = 2 = µ 2n+1 . Now we study the odd case. Assume that the assertion holds for (φ 2n+1 , ξ, η, G 2n+1 ). We have to prove that (φ 2n+2 , ξ, η, G 2n+2 ) is a contact metric (κ 2n+2 , µ 2n+2 )-structure, where κ 2n+2 and µ 2n+2 are given by (5.27). By induction hypothesis (φ 2n+1 , ξ, η, G 2n+1 ) is the canonical paracontact metric structure induced by the contact metric (κ 2n , µ 2n )-structure (φ 2n , ξ, η, G 2n ). Since the Boeckx invariant of (M, φ 2n , ξ, η, G 2n ) is 0, we can apply Theorem 5.1 to the contact metric (κ 2n , µ 2n )-manifold (M, φ 2n , ξ, η, G 2n ) and conclude that the paracontact metric structure (φ 2n+1 , ξ, η, G 2n+1 ) induces on M a contact metric structure (φ 1 , ξ, η,ḡ 1 ) given by (5.3) and (5.4). Notice that
Therefore (φ 2n+2 , ξ, η, G 2n+2 ) is a contact metric (κ 1 ,μ 1 )-structure, where, by Theorem 5.1,
Finally, for each n ∈ N since µ 2n = 2, applying Theorem 12 of [7] , we conclude that (M, φ 2n , ξ, η, G 2n ) is a Tanaka-Webster parallel space.
(ii) The result is true for n = 1 due to Theorem 4.7 and for n = 2 due to Theorem 5.1 and Theorem 5.4. Now assuming that the assert holds for (φ n , ξ, η, G n ), n ≥ 3, we prove that it holds also for (φ n+1 , ξ, η, G n+1 ). By induction hypothesis (φ n , ξ, η, G n ) is the canonical paracontact metric structure induced by a contact metric (κ 
Finally, in view of Remark 5.5, we getκ
6. Canonical Sasakian structures on contact metric (κ, µ)-spaces As shown in [18] , to any almost 3-web one can associate a canonical almost anti-hypercomplex structure, that is a triple (I 1 , I 2 , I 3 ) consisting of an almost complex structure I 1 and two anticommuting almost product structures I 2 , I 3 satisfying I 2 I 3 = I 1 (and hence I 2 I 1 = −I 1 I 2 = I 3 , I 1 I 3 = −I 3 I 1 = I 2 ). Conversely, any almost anti-hypercomplex structure determines four almost 3-webs given by the eigendistributions of I 2 and I 3 corresponding to the eigenvalues ±1. Consequently, any contact metric (κ, µ)-manifold such that |I M | > 1 admits a canonical anti-hypercomplex structure on the contact distribution via the above 3-webs. . Then we havē g − (X, X) = β 1 − µ 2 dη(X, ϕX) + dη(X, ϕhX) = −β 1 − µ 2 g(X, X) + g(X, hX) = −β 1 − µ 2 (g(X λ , X λ ) + g(X −λ , X −λ )) + λg(X λ , X λ ) − λg(X −λ , X −λ )
Since we are assuming I M < −1, we have that 1 − µ 2 + √ 1 − κ < 0 and 1 − µ 2 − √ 1 − κ < 0, so thatḡ − (X, X) > 0. Analogous arguments work forḡ + , where one uses the assumption I M > 1. Finally, directly from (6.1) it follows that dη(·, ·) =ḡ ± (·,φ ± ), and we conclude that (φ − , ξ, η,ḡ − ) and (φ + , ξ, η,ḡ + ) are contact metric structures. We prove that they are in fact Sasakian structures. We argue on (φ − , ξ, η,ḡ − ), since the same arguments work also for (φ + , ξ, η,ḡ + ). We firstly prove that the contact metric structure is K-contact, i.e. the tensor fieldh − := 1 2 L ξφ− vanishes identically. Indeed, by using (4.5), we have 2h 
hence (Nφ − (X, X ′ )) D(−λ) = −(Nφ − (φ − X,φ − X ′ )) D(−λ) = 0. Next, by (2.5), Nφ − (X, X ′ ) has zero component also in the direction of ξ, so we conclude that Nφ − (X, X ′ ) = 0. In the same way one can show that Nφ − (Y, Y ′ ) = 0 for all Y, Y ′ ∈ Γ(D(−λ)). Moreover, (2.4) implies that Nφ − (X, Y ) = 0 for all X ∈ Γ(D(λ)) and Y ∈ Γ(D(−λ)). Finally, directly by (2.3) we have η(Nφ − (Z, ξ)) = 0 for all Z ∈ Γ(D), and from (2.4) it follows thatφ − (Nφ − (Z, ξ)) = 0. Hence Nφ − (Z, ξ) ∈ ker(η) ∩ ker(φ − ) = {0}. Thus the tensor field Nφ − vanishes identically and so (φ − , ξ, η,ḡ − ) is a Sasakian structure. In the same way one argues for (φ + , ξ, η,ḡ + ).
In conclusion we have proven the following result. Furthermore, the triple (φ − ,φ,φ 1 ) in the case I M < −1, or (φ + ,φ 1 ,φ) in the case I M > 1, induces an almost anti-hypercomplex structure on the contact distribution of (M, η), whereφ, ϕ 1 are given, respectively, by (4.2), (5.6).
Remark 6.2. Theorem 6.1 should be compared with Corollary 3.7 in [10] , where a similar result has been found, but using completely different methods and where, however, the explicit expression of the Sasakian structure was not given.
Remark 6.3. In view of Corollary 5.2 and Theorem 6.1 it appears that a possible geometric interpretation of the Boeckx invariant I M is related to the existence on the manifold of compatible Tanaka-Webster parallel structures or Sasakian structures, according to have |I M | < 1 or |I M | > 1, respectively. Whereas not much one can say about those contact metric (κ, µ)-spaces such that I M = ±1, which seem to have a completely different geometric behavior and so deserve to be studied in some subsequent paper.
